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Concerning the conjecture that in every directed graph, a maximum packing of directed cut 
transversals is equal in cardinality to a minimum directed cut, a proof is given for the side coboun- 
daries of a graph. This case includes, and is essentia|ty equivalent to, all source-sink connected graphs, 
for which Schrijver has given a proof. The method used here first reduces the assertion to a packing 
theorem for bi-transversals. A packing of bi-transversals of the required size is constructed one edge 
at a time, by maintaining a Hall-like feasibility condition as each edge is added. 

1. Introduction 

Transversal Packing Conjecture: For any finite directed graph, a maximum packing 
of transverals of  directed cuts is equal in cardinality to a minimum directed cut. 

Woodal l  [8] describes this as the Menger dual of the directed cut packing 
minimax equality (Lucchesi and Younger [5], Lov~sz [4]). This paper gives a proof  of  
the Conjecture for source-sink connected graphs, a proof  that builds the required 
packing of  transversals one edge at a time, by maintaining a Hall-like feasibility 
condition throughout  the construction. A proof  of  this case has been given by 
Schrijver [7] in a more general context. 

Let G be a finite graph with vertex set VG and edge set eG. The coboundary 
operator f is a function that takes any subset X of  VG to the set f ix of  edges in G 
having one end in X a n d  one end in V G - X .  A coboundaJT in G is any set of  edges that 
lies in the range of f .  

A directed graph is a graph in which each edge ~ is assigned a positive end (or 
tail)p~ and a negative end (or head) nc~. A coboundary fXis  directed if  each edge in fix 
has its positive end in X or if each edge in 3X has its negative end in X. A directed 
cut is a minimal nonnull directed coboundary. Let C denote the collection of  directed 
coboundaries of  directed graph G. 

For  a subcollection B of C, a transversal of B is a subset of eG that has a non- 
null intersection with each nonnull set in B. In the statement of  the Conjecture, a 
transversal of  C is called a transversal o f  directed cuts. 

AMS subject classification (1980): 05 C 20 
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For any packing ( =  disjoint collection) of transversals of C and any nonnull 
element d in C, [Tl~ldl .  This is elementary. The crux of the Conjecture is that 
every graph contains a pair T, d of equal size. That  is, if eG is a k-transversal of  C, 
then there is in eG a k-packing of  transversals of C. A k-transversal is a subset r of  
eG such that IrNdl>=k for each nonnull d in  C. A k-packing is a disjoint collection 
consisting of k elements. Following Seymour [12}, we say that transversal r of C 
packs if for the largest integer k such that r is a k-tranversal of C, there is a k-packing 
T of transversals of C such that U T__C r. In this terminology, the Conjecture transla- 
tes to: For each directed graph G, eG is a transversal of C that packs. A natural gene- 
ralization has been formulated by Edmonds and Giles [2]: 

Generalized Conjecture: Every transversal of C packs. 

Schrijver [6] has constructed a counterexample to the Generalized Conjecture, 
but not to the basic Conjecture. The Generalized Conjecture is true for source-sink 
connected graphs. A directed graph is source-sink connected if it is acyclic and each 
source is joined to each sink by a directed path. A source is a vertex of invalence zero; 
a sink is a vertex of outvalence zero. 

In this paper, we prove the source-sink connected case of  the Generalized 
Conjecture in terms of side coboundaries of an arbitrary directed graph. We now 
develop this fornmlation. 

Arguments of  a directed coboundary d are defined as follows. The positi~,e 
vertex argument of d is the minimal subset X of  VG such that d=~X, and X contains 
the positive end of each edge of d. The positive (edge) argument pd of d is the set of 
edges of G with positive end in X. The negative argument nd is defined dually. Here 
we refer to directional duality, which interchanges the positive and negative ends of 
each edge. 

Let Dn be the collection of  elements d in C such that either d =  ~ or pdNpc ~- 0 
for each nonnull element c of  C. Define Dp dually. The union D=DpUDn is the 
collection of side coboundaries of G. Examples of side coboundaries are given in 
Figure 1. Let Sn be the collection of n-minimal (=minimal  negative argument) 
elements of D n -  {0}; define Sp dually. For an acyclic graph, Sn is the collection of  
si~Tk coboundaries, i.e., coboundaries of the form ~ {y}, y a sink. A directed coboundary 
lies in Dn iff its negative vertex argument contains no source vertex. A connected 
directed graph is source-sink connected iff each directed coboundary is a side coboun- 
dary, i.e., C=D. 

Transversal Packing Theorem: Every transversal of D packs. 

This Theorem implies, and is implied by, the source-sink connected case of  
the Generalized Conjecture. 

Our first step in proving this Theorem is a reduction to a Bi-transversal Theo- 
rem. For a subset t of  eG, let lp denote tN(USp).  Define tn dually. A hi-transversal 
of  D is a set t of  edges such that tp is a transversal of  Dp and tn is a transversal of  Dn. 
A bi-transversal of D is, in particular, a transversal of D. A k-bi-transversal of  D is 
a set r of edges such that rp is a k-transversal of  Dp and rn is a k-transversal of Dn. 
A bi-transversal r of D packs if, for the largest integer k such that r is a k-bi-trans- 
versal of  D, there is in r a k-packing of bi-transversals of D. 

Bi-transversal Theorem: Every bi-transversal of  D packs. 
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In Section 3, the Transversal Packing Theorem is reduced to the Bi-transversal 
Theorem. 

"~£; _2"-" 

a b 

Fig. 1. Side coboundaries a in Dp, b in Sp, e h~ Dn; directed coboundary d in C- -D  

2. Meet  and join of coboundaries 

The domain of the Theorem can be reduced easily to connected graphs. For 
each directed coboundary d in a connected graph, the following relations hold: 
pdNnd=d; pd(.Jnd=eG if d i s  nonnull; pdUnd=O if dis  null. 

For  directed coboundaries c, d in D, if ncC=nd, then nc-cC=nd-d. Dually, 
if pcC=pd, then pc-c~=pd-d .  Coboundaries in D are partially ordered by inclusion 
of positive arguments; a dual partial ordering in D is based on inclusion of negative 
arguments. 

For c in Dn and d in D, there is a coboundary in Dn with negative argument 
neNnd. This is called the n-meet of c and & and is denoted cA,,d, or simply cAd 
if d~Dn. The positive argument is pcUpd. A consequence of the definition is 
c/~d=cNndUdOnc. 

For c and din  Dn, there is a coboundary in Dn with negative argument nc Und. 
It is called the n-join and is denoted cV, d, or simply cVd. If each of c and d is 
nonnull, the positive argument is pc~pd. A consequence is cV, d=cApdUdf)pc.  

3. Reduction to the BMransversal Theorem 

We now prove the Transversal Packing Theorem assuming the Bi-transversal 
Theorem. Let r be a transversal of the collection D of side coboundaries of directed 
graph G. We interpret the case D = {0} as satisfying the Theorem and assume here- 
after that D contains a nonnull element. Let k be the largest integer for which r is a 
k-transversal of  D. Since r is a transversal of D, k_-> 1. 

The basis of induction is the case in which r is a k-N-transversal of D. By 
the Bi-transversal Theorem, there is in r a k-packing of hi-transversals of D. Each bi- 
transversal is a transversal and so the assertion holds. 

Assume as induction hypothesis that the assertion holds for every graph G" 
and every subset r" ofeG" such that Ir 'l<lr[ or [r ' l=[rl and leG'l<leGl. 

Case 1. For some edge ~ in r, r -  {e} is a k-transversal of D. 

By induction hypothesis, there is in r - { e }  a k-packing of transversals of  D. 
This k-packing satisfies the assertion for r and G. 



258 P, FEOFILOFF, D. Iq. Y O U N G E R  

Case 2. IrNdl=k for some d in D - S p U S n .  

Adjust notation so that dEDp. Let D' be the collection of side coboundaries 
of the graph G', where G" is obtained from G by contracting the edges of nd-d.  Let 
D" be the collection of side coboundaries of  the graph G" obtained from G by contract- 
ing the edges o fpd-d .  Since dis ,  by hypothesis, not in Sp or Sn, each of  [eG'l and 
leG"[ is strictly smaller than leGI. Now r '=rNpd and r " : r N n d  are k-transversals 
of  D' and D", respectively. By induction hypothesis, there is in r '  a k-packing T '  of 
transversals of D'. Likewise, there is in r" a k-packing T" of  transversals of D". Let T 
be { t 'Ut" :  t'ET', t"ET", t 'Nd=t"Nd}.  Since I rNd[=k ,  each edge of r n d  
lies in exactly one transversal of T" and in one transversal of  T". So T is a k-packing 
of  subsets of  r. We assert that each t in T is a transversal of D. This is proved, as in 
[10], as follows. 

Each t in T is of the form t = t '  U t". Let a be any nonnull element of  D, say 
in Dp. Let A here denote the p-meet, V the p-join. I f  aA d =  0, then t N a = t" N a # 0. 
I f a A d # 0 ,  then tf~(aAd)=t'N(aAd)#O and tN(aVd)=t"N(aVd)#O. From the 
modularity relation Itn(aAd)l+ltn(aVd)[=ItNa]+[tNd[, since I t N d [ = l ,  thus 
tV)a#O. So t is a transversal of Dp. Likewise, t is a transversal of Dn, and thus of  
all of  D. This case is complete. 

Case 3. [rNd[>k for each din D - S p U S n ,  r=rpUrn, and r is not a k-hi-trans- 
versal of D. 

Adjust notation so that rn is not a k-transversal of  Dn. There exists a nonnull 
element a in Dn such that ]rnOal<k; adjust the choice of a so that it is n-minimal. 
Since Irna[ _->k, there is an edge/~ in (rp-rn) na. Now a, since it contains an edge 
of  r -  rn, does not lie in Sn. So there is a nonnull element a' in Dn such that ha" 
c= ha-{/~}. Adjust the choice of a" so that it is n-maximal. By the choice of a, 
Irnna'l >-k. Let ~ be any edge in rnNa'-a.  We then have the following properties: 
for  each c in Dn such that ~Enc, {~,/3} intersects c; for each d in Dp such that 
BEpd, {~,/~} intersects d. 

Let G" be the graph obtained from G by adding a new edge 7 with negative 
end n~ and positive end pfl. Let D ' =  D'n U D'p be the collection of side coboundaries 
of  G'. Then D'n is the same as Dn except that y is added to each e in Dn such that 
~Enc. And D'p is the same as Dp except that y is added to each d in Dp such that 
BEpd. Let r ' : ( r - { ~ , / ~ } ) U  {7}. Since [rNdl _>-k for each d in  D, with equality only 
for d i n  SpUSn, thus [r'V)dl>-k for each d i n  D', i.e., r '  is a k-transversal of  D'. 
Since Ir'[ < Ir ], by induction hypothesis there is in r '  a k-packing T '  of  transversals 
of  D'. Each element of T '  that does not contain ~ is a transversal of D. For  the element 
t" of T '  that contains ~, t =  (t '  - {~}) U {~, fl} is a transversal of D. So T =  (T '  - {t'}) U 
U {t} is a k-packing in r of transversals of D. Again the assertion holds. 

This completes the proof  of  the Transversal Packing Theorem under the 
assumption of the Bi-transversal Theorem. 
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4. Constructing bi-transversals one edge at a time 

In his proof  of Edmonds Disjoint Branchings Theorem [1], Lov~sz [4] finds 
one branching that saves enough room in each coboundary for the remaining k - 1  
branchings. This branching is constructed one edge at a time, by successively adding 
a new edge emanating from the current partial branching. The property required of  
each new edge is that its choice leaves at least k - 1  edges unchosen in each coboun- 
dary. Our proof  also uses this one edge at a time approach; the properties maintained 
as each new edge is added are called central and feasible. 

A subset t of  eG is ceno'al in Dn if each coboundary d in Dn that is disjoint 
from tn has nd disjoint from tn. Recall that tn= t (3 (U Sn). Centrality in Dp is defi- 
ned dually. A subset t of  eG is central if it is central in Dn and in Dp. 

The frontier in Dn of subset t of  eG is the n-maximal coboundary f in Dn 
that is disjoint from tn. The frontier in Dp is defined dually. For  t a central subset 
of  k-bi-transversal r, and e any edge of rp (3 rn that lies in the frontier of t in Dn or 
in the frontier in Dp, subset tU {e} is also central. 

A subcollection C of Dn is n-di~/oint if na 0 nb= 0 for each distinct a, b in 
C. Define p-disjoint dually. For  d in Dn, a constituent of d is an n-mininaal coboun- 
dary in D n -  {0} that is a subset of d. The collection of constitutients of d, denoted 
Cd, is a partition of d that is n-disjoint. 

Feasibility is defined next. A Q-eoboundat T in Dp is a p-minimal coboundary 
q in D p -  {t3} such that rpOqC=rn. Let t be a subset of k-N-transversal r. Coboun- 
dary d in Dn shades q in Dp if rnNd~=rpfqq. For d in  Dn, let Qd be the collection 
collection of Q-coboundaries in Dp that are disjoint from t and shaded by d. Note 
that Qd is p-disjoint. Subset t of  r is feasible hz Dn if every coboundary din Dn satisfies 
I(r-t)dl>=ld, where Id=IQdl +(k -1 ) lCd  I and ( r - t ) d = ( r n - t n ) O d .  Feasibility in 
Dp is defined dually. A subset t of  r is feasible if it is feasible in Dn and in Dp. 

For d in Dn, and subset r of  eG, let rd abbreviate rnf-ld; for d in Dp, let rd 
abbreviate rpNd. Coboundary d in Dn shades q in Dp if rdD=rq. Write rQd for 
r(U Qd). Note that for d in  Dn, rQd~r f ,  w h e r e f i s  the frontier of t in Dp. 

4.1. Let r be a k-bi-transversal of D. The null set is central and feasible. 

Proof. Centrality of the null set is immediate. For feasibility, consider any coboun- 
dary d i n  D, say in Dn. From rd~=rQd and rp a k-transversal ofDp, Irdl>=lrQd]>= 
~=IclQdl. From rn a k-transversal of Dn, Irdl->_-klfdl. Thus k[rdl=lrdl+ 
+ ( k - 1 ) l r d l > - k l Q d l + ( k - l ) k l C d l = k l d  and so lrdl>=ld. | 

For subset t of  r that is central and feasible, an augment of t is any edge e of 
r - t  such that tU {c~} is also central and feasible. 

Augment Lemma: Let t be a central feasible subset of k-bi-transversal r of D. I f  t is 
not a bi-transversal of  D, then t has an augment. 

The Augment Lemma, which is proved in Section 6, implies the Bi-transver- 
sal Theorem as follows. Let r be a k-bi-transversal of  D. We proceed by induction on 
k. For  k =  1, the Theorem is trivially trne. Assume then that k=>2. Let t be a 
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maximal central feasible subset of r. The existence of t follows from 4.1. By the 
Augment Lemma, t is a bi-transversal of D. Since t is feasible r - t  is a (k-1)-bi-  
transversal o lD :  for any nonnull d in D, I(r-t)dl  >=(k - 1) ICd[ ~ k  - 1. By induction 
hypothesis, there is in r - t  a ( k -  1)-packing T' of bi-transversals of D. Then T 'U {t} 
is a k-packing in r of hi-transversals of D. The Theorem follows by induction. 

5. Marginal coboundaries and blockers 

Let t be a central feasible subset of k-bi-transversal r. A coboundary d in Dp 
or Dn is marginal if I ( r -  t) d] = td. For edge a in r -  t, a blocker in Dn of ~ is a margi- 
nal coboundary in Dn such that a(rd-rQd.  A blocker in Dp is defined dually. From 
the definition of feasible, it follows that tU {a} is feasible iff ~ has no blocker either 
in Dp or in Dn. 

5.1. The l function is supermodular: for d, d" in Dn, 

l(dAd')+l(dVd') >-_ Id+Id', 

with equality only i f  Q(dVd')=QdUQd'. 

Proof. 1. The cardinality of C is supermodular: 

IC(dAcl')l+lC(dVd')l >--ICdl+lCd'l. 

To prove this, form a graph G with bipartition (Cd, Cd'), whose edges (a, b) repre- 
sent the pairs a in Cd, b in Cd', that meet, i.e., aAb#O. Now [C(dVd')l is equal to 
the number of components in B; I C(dAd')[ is greater than or equal to the ntn~ber of 
edges of B; and ICdl +]Cd'[ is equal to the number of vertices of B. The asserted 
supermodularity relation follows from 

[eB[ + ~ components B >- IVBI, 

a simple fact about graphs. 

2. The cardinality of Q is supermodular. Observe that 

Q(dAd') = QdAQd" 

Q(dV d') D= QdUQd'. 

Adding cardinalities yields 

IQ(dAd')l+lQ(dVd')[ >= IQdl+lQd'h 

with equality iff Q(dV d') = QdU Qd'. 

3. Adding to this latter inequality k - 1  times the inequality for C yields the 
supermodularity relation for I. II 

5.2. I f  d and d" are marginal coboundaries in Dn, then the meet dAd" and join dVd" 
are also marginal, and Q(dVd')=QdUQd'. 
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Proof. For d, d '  in Dn, 

dAd'NdVd" = dAd" 

dAd'UdV d' = dud' .  

Restrict each equivalence to its edges of rn- tn  and add eardinalities: 

I(r - 0 (dA d')l + l ( r -  t)(dV d')l = [ ( r -  t) dl + I ( r -  t) d'l. 

From the supermodularity of l and feasibility of t, 

I ( r - t )d l+l ( r - t )d ' l  = Id+ld" 

<= l(dAd')+ l(dV d') 

<= I(r-t)(dAd')l + I(, ' -  0(dVd')l. 

Equality holds throughout: dAd" and dVd" are marginal and, by 5.1, Q(dVd')= 
= ad  U ad'. 

5.3. Each coboundary in D n -  {0} disjoint from tn contains an edge in rn having no 
blocker h~ Dp. 

Proof. If  an edge has a blocker in Dp, then it must lie in rp. So the assertion holds 
for coboundary a in Dn unless raC=rp. Under this condition, adjust the choice of 
coboundary a so that it is p-minimal, i.e., a Q-coboundary. Let d be a marginal 
coboundary in Dp that does not shade a; the null coboundary is one such" Adjust 
the choice of d so that pd is maximal. Let e be any edge ofra-rd .  Suppose d'  is a 
marginal coboundary in Dp that contains e. By 5.2, dVd' is marginal and Q(dVd') = 
=QdUQd'. Now edge e lies in r(dVd') but not in pd: the p-maximality of d 
implies that dVd" shades a. So aCQ(dVd')-QdC=Qd ". Thus d" is not a blocker 
of ~. Indeed, e has no blocker in Dp. II 

6. Proof of the Augment Lemma 

Let t be a central feasible subset of k-bi-transversal r of D. Suppose t 
is not a bi-transversal of D. Specifically, assume tn is not a transversal of Dn. Then 
the frontier f of t in Dn is nonnull. For each edge ~ in rf, tU{~} is central. We 
claim that there is an edge in rf  that is an augment. It is sufficient that such an 
edge have no blocker in Dp or in Dn. By 5.3, rf  contains an edge c~ having no 
blocker in Dp. Suppose that e has a blocker in Dn. Such a blocker is a marginal 
coboundary in Dn that meets f .  Let d be an n-minimal marginal cobotmdary that 
meets f .  An internal edge of coboundary d in Dn is any edge of rnn(nd-d)UrQd. 
Our second candidate for augment is any internal edge fl of d in rf  The existence 
of fl is established in part i of the following proposition. 

6.1. Let q be a coboundary in Dn disjoint from tn. Let d be an n-minimal coboundary 
in Dn that meets q. 

i) There is an internal edge of d in rq. 
ii) Each such edge has no blocker in Dn. 
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The proof of 6.1 is given after the main argument is complete. 

By part ii of 6.1,/3 has no blocker in Dn. The only alternative to/3 an augment 
is that it have a blocker in Dp, which can happen only if /3(rQd; let q l=  UQd. 
This blocker is a marginal coboundary d~ in Dp that contains edge /3. Adjust the 
choice of dl so that it is a p-minimal marginal cobom~dary in Dp that meets ql. 
Now ql is a coboundary in Dp disjoint from tp; by the dual of 6.1i, with ql in the 
role of q and dl in the role of d, there is an internal edge of dl in rqa. Choose any such 
edge V; this is our third candidate for augment. It has no blocker in Dp, by 6.1ii 
(dual). Nor does ~ have a blocker in Dn: this follows from our previous appeal to 
6.1 by observing that V is an internal edge of d in rq. So V is an augment of t. 

The proof of the Augment Lemma is complete, except for 6.1. 

Proof of 6.1. i) Let c be a coboundary in Cdthat  meets q. Since r(cAq)=rcAnqU 
UrqNnc, either rq intersects nc-c,  a subset of nd-d, and the assertion holds di- 
rectly, or r(cAq)~rc. Consider the latter alternative. Substitute cAq for c in d, 
i.e., let d-=(d-c)UcAq.  Now each coboundary in Qd-Qd-  contains at least 
one edge of ( r - t ) d - ( r - t ) d - :  

Iadl -IOd-I =< ] ( r -  t) d[ - l ( r -  t) d-I 

<= ld - ld- 

<= IOdl- IOd-I + ( k -  1 ) ( I f d l -  I fd - I )  

< Iadl IOd-I 
Since d is marginal, so too is d - ,  a ICd-[= [Cdl whence IC(cAq)t: [Cc[= 1. By 
t central, cA q is disjoint from t, whence [ ( r - t )cA ql =>k. By t feasible and d marginal, 

I(r - t) c A g l  = [ ( r -  t) 61 - I(r - t) ( d -  c)[ 

<t,~: - t ( d - c )  

<-- IQ6[ -IQ ( d -  c)l + k - 1, 

from which follows [QOl>la(d-c)[. So d - c  does not shade Qd, and thus r(cAq)A 
OrQd#O. Since rQdC=rp(qrn, there is an internal edge of d in rq. 

ii) For any internal edge c~ of d in rq, consider any marginal coboundary d '  
in Dn that contains 7. By 5.2, dAd' is marginal. Since ~(ndOrd'C=r(dAd'), thus 
dAd" meets q. The n-minimality of d implies that dAd'=d, whence nd~nd" and 
Q(dAd')=Qd. So c~¢nd-d, whence ~(rQdC=rQd'. So d '  is not a blocker of ~. 
Indeed, ~ has no blocker in Dn. 1 

With 6.1, the proof of the Bi-transversal Theorem is complete. 

7. R e m a r k s  

The above proof does not translate directly to a polynomial algorithm for 
finding T*. One that does is given in [11]. It builds a maximum packing T* for D from 
maximum packings T*p and T*n of transversals of Dp and Dn, each of which is 
found by an analog of the Lov~sz algorithm [4] for disjoint branchings. 
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A reduction to Hall's Theorem approach was used to prove the source-sink 
connected case of the directed cut packing minimax equality [9]. The Hall's Theorem 
part of it was there treated by an alternating path approach that yielded a polynomial 
algorithm. This approach can be used also to relate Gupta's Theorem [3] to Hall's. 

Much of this paper was written wlfile the authors were visiting MIT. We 
thank Kleitman for the opportunity. This research was supported by a grant from 
the Natural Sciences and Engineering Research Council of Canada. 
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